In this paper, we propose a model of decentralized energy storages, who serve as instruments to shift energy supply intertemporally. From storages' perspective, we investigate their optimal buying or selling decisions under market uncertainty. The goal of this paper is to understand the economic value of future market information, as energy storages mitigate market uncertainty by forward-looking strategies.
Introduction
Energy storages serve as instruments for energy supply shift by storing excess renewable energy for the future. As the power industry transitions from a regulated towards a more competitive market environment, storage devices have incentives to be charged when prices are low (corresponding to low residual demand), and discharges when prices are higher (peak demand). The economic feasibility of such delicate operations requires optimal utilization of decentralized storage devices, wherein storage devices pursue their own objective (e.g., maximize profits or minimize costs) (Sarker et al. 2015) . Tesla Powerwall is among the most renowned examples of such applications (Motors 2016 ).
The application scenarios we focus on in this paper are when energy storages are integrated with renewable energy (e.g., wind and solar power) generation. For example, energy supply shift is necessary when the peak in solar power supply is during the daytime whereas the peak demand is during the night. In this case, energy storages are placed near the wind and solar power production sites to smooth generation output before connecting to aggregator and feeding to the grid (Grothoff 2015) . However, a fundamental problem in this integration is so called "merit order effect": The supply of renewable energy has negligible marginal costs and in turn reduces the spot equilibrium price (Acemoglu et al. 2015) . For example, since the price of power is expected to be lower during periods with high wind than in periods with low wind, the intermittency of renewable energy generation leads to market variability and uncertainty, i.e., energy prices fluctuates dynamically over time.
Facing these challenges, energy storages have to employ market forecasts to improve buying and selling decisions. The goal of this paper is to understand the economic value of future market information, as energy storages mitigate market uncertainty by forward-looking strategies. In particular, we address the following research questions:
• From storages' perspective, what are the optimal decentralized buying or selling quantities, when the energy prices are both uncertain and variable over time?
• At a system level, what is a good information management policy, to coordinate storages' actions and improve their profitability?
To be specific, we provide a stylized model of optimal storage planning under private market price forecasting. Decentralized decision makers have to consider their optimal strategies in a com-petitive environment with strategic interactions. In terms of information management, we consider the following possible policy interventions: (1) providing a publicly available market forecasting channel; (2) encouraging decentralized storages to share their private forecasts with each other; (3) release additional market information to a targeted subset of storages exclusively.
The rest of this paper is organized as follows. Section 2 reviews relevant literature. Section 3 introduces our model setup. In Section 4, we carry out the analysis for two basic (simplified) models. In Section 5, we describe several policy intervention solutions. In Section 6, we extend the basic models in several directions. Section 7 concludes this paper with a discussion of the future research directions.
Literature Review
Our work contributes to the literature on oligopoly energy market. The Cournot setup is a good approximation to some energy markets, e.g., California's electricity industry as has been demonstrated in (Borenstein and Bushnell 1999) . Similar empirical work has been done in New Zealand's electricity markets (Scott and Read 1996) . This paper is partly inspired by Acemoglu et al. (2015) , wherein they also consider a competitive energy market with highly asymmetric information structures. While they seek to mitigate uncertainty and economic inefficiency via contractual designs, we aim the same target with informational interventions. We also focus on energy storages wherein they consider energy producers.
In terms of energy storage modeling, our model extends a similar work presented in Contreras-Ocana et al. (2015) , wherein they assume complete information and deterministic demand function. The fundamental inefficiency of such an energy market is driven by highly volatile local market conditions (e.g. electricity prices), for instance, due to intermittency in the renewable energy supply. For this reason, there is a growing literature on the use of an energy storage system to improve integration of the renewable energy (Dicorato et al. 2012; Shu and Jirutitijaroen 2014) . With this motivation (while abstracting away from the physical characteristics of the renewables), our model is closely related to this literature by incorporating both intertemporal variability and uncertainty (exogenous market price shocks). Given such an environment, storages will be foresighted and joint storage planning and forecasting have been reported consequently (Li et al. 2016; Haessig et al. 2015) . While this literature is mostly simulation-based, our model admits tractable analysis and interpretable structural results.
Beyond discussions on distributed storage planning and control, we put emphasis on information management at a system level. In a deregulated environment, it is natural to consider that the competing storages do not observe each other's private information (private energy price forecast). Therefore, the storages have to estimate each other's private forecast and conjecture on how each other's action depends on its forecast. This strategic interaction poses technical challenge, which is new to the energy literature. A similar problem is studied in Kamalinia et al. (2014) in a different context (generation capacity expansion), wherein no structural results are available. Li and Shahidehpour (2005) and Langary et al. (2014) touch upon this topic in the context of generating companies' supply function equilibrium but resort to simulation. Furthermore, the private forecast in our model is sequentially revealed at every periods, while the private information in aforementioned literature is static (viewed as generation companies' attribute or type).
Finally, there is a long stream of literature in economics and operations research in terms of information management in such a decentralized setting. We consider a class of equilibria wherein each agent's action depends linearly on its forecast and forms Bayes' estimator for others' forecasts.
The uniqueness of this equilibrium prediction is guaranteed by Radner (1962) . The value of a public forecast in coordinating agents' actions is pioneered in Morris and Shin (2002) . The incentives for information sharing are studied in Gal-Or (1985) . A recent work has demonstrated the power of targeted information release Zhou and Chen (2016) . We systematically examine those ideas in the context of distributed energy storage market.
Model
Market structure. Consider n storages who purchase and sell substitutable energy through a common market. The storages, indexed by a set I = {1, 2, · · · , n}, are homogeneous ex ante and engage in a Cournot competition. Let d [t] i denote the energy purchased (when d
i > 0) by the i th storage at time t, and the aggregate storage quantity is denoted by
i . We model the demand side by assuming that the actual market clearing price increases, as the market supply of energy increases.
To model storages' strategic interactions, our demand side setup corresponds to a scenario wherein storages are not price-takers but enjoy market power. This is supported by empirical evidence that energy prices vary in response to loads generation, especially when the storages are of sufficient scale (Sioshansi et al. 2009 ). Even if the storages are small-scaled, economics literature suggests that infinitesimal agents also act as if they are expecting the price-supply relationship (Osborne 2005) . Similar assumptions on storages' market power and price-anticipatory behavior are not uncommon in the literature (Sioshansi 2010) . Finally, with the integration of renewables and consequently the "merit order effect", the supply of renewable energy can drastically impact the spot equilibrium price considering its negligible marginal costs.
We assume that the market uncertainty follows an autoregressive process such that
The parameter α is the initial information precision concerning the market uncertainty a priori.
Standard assumptions for autoregressive process require that |δ| < 1, where ǫ t is exogenous shock ǫ t ∼ N (0, ζ −1 ). We choose this stochastic process as it is among the simplest ones which capture intertemporal correlation while remaining realistic.
Storage model. Storages are agents who can buy energy at a certain time period and sell it at another. The net energy purchased and sold across time is required to be zero for every storage, i.e., t∈T d
[t] i = 0, ∀i ∈ I. As we seek to emphasize the interaction between storages, we also abstract away from other operational constraints such as energy and/or power limits; Instead, they are modeled by a cost function associated with each storage. The battery degradation, efficiency, and/or energy transaction costs of storage i are represented by the cost function c i (·).
This treatment is similar to that in Contreras-Ocana et al. (2015) .
We assume that c i (d) = ε [t] · d 2 in the basic models. More realistically, c i (d) will be a power function ε [t] · d x wherein x ∈ (1, 2), as it is known that as the depth of discharge increases, the costs of utilizing storage increase faster than linear. We can show that most of our results remain robust when the cost function c i (d) is generalized within this region. We choose x = 2 for a clear presentation of results. We also generalize the basic model to consider heterogeneous cost functions in the extensions. To summarize this discussion, the payoff of storage i can be expressed as
Information structure and sequence of events. Storage i has a private forecast channel for the market condition. At the beginning of period t, storage i receives a private forecast x
[t] i with precision ρ, i.e., x
i , where ξ
The realizations of the forecasts are private, while their precision is common knowledge. In this paper, we use "forecast" and "information" interchangeably depending on the context. At time t, the sequence of events proceeds as follows: (1) The storages observe (the realizations of) their private forecasts; (2) Each storage decides the purchase or selling quantities based on their information, anticipating the rational decisions of the other storages; (3) The actual market price is realized and the market is cleared for period t.
Model Analysis

Centralized Energy Storage Model
We begin by considering a single storage and thus dropping the subscript in this section. The optimal storage quantities are obtained by solving
for any sample path generated by
indicates the corresponding information set. For clarity of presentation, we solve for an optimal d [t] in an arbitrary period t. In addition, we drop the superscript for γ and ε to focus on the intertemporal variability solely in market price.
Notice that in period t,
will be anticipated future optimal quantities based on the
will be previous decisions realized to the storage. The set of energy storages. |I| = n. J
The set of targeted information release recipient.
Information set of storage i in period t. A Equilibrium base storage quantity. C Equilibrium response factors with respect to private forecasts. B Equilibrium response factor towards the public forecast. d
The amount of energy purchased or sold by the i th storage at time t. D [t] The aggregate storage quantity
Private forecast received by storage i regarding market uncertainty.
Public forecast. η [t] Market price uncertainty at time t.
Information precision for market uncertainty a priori. δ Autoregression parameter for market uncertainty.
Exogeneous price shock at time t. ζ Precision of ǫ t . ε [t] Quadratic energy storage cost coefficient. ρ Precision of the private forecast x
Precision of the public forecast ξ
Noise of the private information channel by storage i. ξ
Noise of the public information channel.
To avoid confusion, we denote their solutions by a general E t d [τ ] , τ = 1, ..., L. Under this notation,
.., t − 1 will be known data, E t d [t] is the decision to be made in period t, and E t d [τ ] , τ = t + 1, ..., L will be the anticipated future optimal quantities. It should be emphasized that
may not be the same as the actual decision made in a future period τ , for τ = t + 1, ..., L.
The timeline in this model is shown in Figure 1 .
By the Principal of Optimality, in period t, we use the following induced sub-problem to find subject to
Proposition 1. The optimal storage quantity in period t is denoted by
In this proposition, we are able to derive the optimal storage quantities in closed form, comprising of two parts: The first part is the base storage quantity, and the second part is the response factor multiplied by an estimation of the market price uncertainty. The base storage quantity decreases in ε (cost coefficients with respect to the depth of discharge) and γ ( energy price elasticity). The market price uncertainty is estimated by a convex combination of a current forecast and a last-period observation:
. The weighting factors are proportional to their relative precision levels ρ and ζ. In additional, the last-period observation weights more when the intertemporal correlation is stronger (δ is higher).
From this proposition, we can clearly see that the optimal storage quantities depend on both variability (captured by market potential coefficient β [t] ) and uncertainty (captured by η [t] ) in market price. The base storage quantity demonstrates a downward distortion to the per-stage optimal storage quantity
is the average per-stage optimal storage quantity across all future periods, and the component
is subtracted to compensate the existing energy storage level built up in the past. The downward distortion ensures that the overall storage quantities offset each other, i.e.,
Decentralized Two-Period Model
In this section, we recover the superscript for γ and ε. We also recover the subscript for x [t] i since the storages observe heterogeneous information. To characterize the equilibrium outcome under such highly asymmetric information structure, we first introduce our solution concept.
Equilibrium concept. Storage i chooses a storage quantity d [1] i to maximize E[π i |x [1] i ], by forming an expectation of the other producers' production levels E(d
i is determined thereafter, due to the constraint d
[2] i = 0, ∀i ∈ I. We focus exclusively on the linear symmetric Bayesian-Nash equilibrium, i.e., d
i , for some constants A and C. We can interpret A as the base storage quantity; C as the response factors with respect to the forecast
Proposition 2. For a two-period model under private market forecasting, the storage quantity in the linear symmetric Bayesian-Nash equilibrium is d
i for every storage, wherein
.
In period t = 1, the base storage quantity A is positive (selling energy) if and only if
i.e., the energy price decreases at t = 2. Conversely, the storage buys energy (A < 0) when it can be sold at a higher price at t = 2 (β [1] < β [2] ). Consistent with our results in the single storage model, the base selling quantity decreases in t∈T ε [t] (cost coefficients with respect to the depth of discharge), and in t∈T γ [t] (aggregate energy price elasticity). Furthermore, when A > 0, it decreases in the number of storages. This is because that the market competition is more intense as the number of Cournot competitors increases, and consequently, the price of energy decreases.
The converse is true when A < 0.
The reaction to private forecast C is more aggressive when its precision ρ increases, as a storage relies more on an accurate market forecast. The reactions to forecasts are less aggressive when the intertemporal correlation δ increases. In the extreme case where δ = 1, the storage does not respond to forecasts. Intuitively, this is because that any action (either buy or sell) in response to a market forecasts at t = 1 will be offset by a reverse operation (under the energy balance constraints t∈T d
[t] i = 0) at t = 2 when the market condition remains the same. Proposition 3. When there are a large number of storages, every storage's equilibrium payoff converges asymptotically to
When there are a large number of storages, lim n→∞ E[π i ] decreases in ρ. This result demonstrates the negative economic value of a private forecast, and is interpreted as competition effect.
Although storages' private forecasts are independent, they lead to similar reaction to a market price shock. When the number of storages is large, the purchase or selling quantity responses are exaggerated and the over-precision in forecasts can lead to even lower payoffs. The inverse-square decay with respect to the number of storages demonstrates the impact of competition intensity.
We complement the analysis with the following numerical example, wherein
= 1, and the payoff is calculated with a finite number of storages. We summarize the results in Figure 2 . A storage's payoff decreases in the autoregressive parameter δ. As a storage's reactions to forecasts are less responsive when the intertemporal correlation (δ) increases, the economic value of market information also decreases. For a similar reason, a storage's payoff also decreases in market uncertainty parameter α, as the storage's reactions to forecasts are also less responsive in this case. In addition, the inverse-square decay with respect to the number of storages confirms our result in the asymptotic analysis. Finally, a storage's payoff first increases then decreases in its private information precision. When private information is scarce, the economic value of private information increases in its precision as it mitigate uncertainty. However, when the information precision further increases, the competition effect dominates and the payoff decreases.
Operational Policy Analysis
Public Forecast Provision
Suppose that instead of private forecasts, all the storages receive a public forecast x
0 , where ξ [t] 0 ∼ N (0, σ −1 ). In this section, we analyze the possibility for a public forecast to coordinate storages' actions. This can be potentially provided by the aggregator. Following a similar analysis as in the private forecasting model, we assume that d
0 , where B is the response factor towards the public forecast. storage quantity in the linear symmetric Bayesian-Nash equilibrium is d
0 , wherein
The equilibrium payoff
Similar to the private forecasting model, the reaction to public forecast B is more aggressive when its precision σ increases. lim n→∞ E[π i ] is pseudo-concave in the public forecast precision σ, and thus reaches global maximum when σ = α. Notice that, when σ > α, lim n→∞ E[π i ] decreases in σ, which demonstrate the negative economic value of a public forecast. We interpret this as congestion effect: Intuitively, when σ > α, over-reaction to a public forecast leads to either too much purchase quantity (when forecast is favorable) or too much selling quantity (unfavorable forecast) from all storages. The public forecast becomes a herding signal. It is beneficial to maintain certain exclusiveness of a public forecast. For given information provision, a storage's payoff suffers inverse-square decay in the number of storages, as the economic value of a public forecast is diluted when more storages respond to it.
We complement the analysis with the following numerical example summarized in Figure 3 ,
= 1, and the payoff is calculated with a finite number of storages. Again, a storage's payoff decreases to the inverse-square of the number of storages as shown in the analytical result. A storage's payoff first increases (due to positive economic value) then decreases (due to the congestion effect) in the precision of the public market forecast.
Encourage Information Sharing
Suppose that the storages pool their private forecasts x
[1]
i together. In this case, it can be checked that it is equivalent for them to observe a public forecast x [1] 0 with precision σ = nρ:
and it can be checked that these two estimators are stochastically equivalent, i.e., both N (0,
Therefore, we can calculate the corresponding payoffs under pooling private forecasts:
By comparing this payoff with that under private forecasts, we find that the economic value of forecast under information sharing is (to an order of magnitude in the number of storages) lower than that under private forecasts. There will be no incentive for the storage to share information with each others. From this analysis, we find that communication among the storages fails to achieve a coordinated effort to increase market efficiency. To maintain the exclusiveness of their private forecasts, the decentralized storages should not be encouraged to share market information in this regime. This result is confirmed by a numerical analysis summarized in Figure 4 when there are a large number of storages. However, when the number of storages is small, it is possible that every storage is better off by information sharing. This regime is possible when each private forecast is extremely fuzzy, and pooling them together can amplify the market signal. 
Targeted Information Release
Now that we know the exclusiveness of a market forecast is important, we analyze an alternative policy intervention through public information channel. Suppose that the aggregator/government offers a public forecast only to a subset of storages J (|J| = m ≤ n). For informed storages (ones who receive the public forecast), their d
0 , ∀i ∈ J. For uninformed storages, their d 0 , ∀i ∈ J, and d
The storages' aggregate payoff i∈I E[π i ] is maximized when the population of information recipient
In this case, the storages' payoffs are stratified, due to their asymmetrical informational status.
The fact that an interior solution (of m) exists suggests a trade-off between the economic value of a public forecast in coordinating the storages' actions, and the congestion effect due to the lack of exclusiveness of such information dissemination.
6 Model Generalizations
Multi-Period Model
In this section, we demonstrate that the model can be extended in multiple directions. A multiperiod version of this problem has to be solved recursively using backward induction while unfolding the information set throughout the process. Instead, we analyze a relaxed problem. In this case, equilibrium characterization requires solving the following optimization problems:
indicates the corresponding information set. Notice that we simultaneous incorporate private forecasts {x
i }'s and a public forecast x
0 . The storage quantity will be d
i for some unknown coefficients A [t] , B [t] and C [t] . This is a relaxation because an exact solution requires that E t∈T d
[t] i *
X
[t] i = 0, for any sample path generated by {X
Proposition 6. For a multi-period model under both private and public market forecasting, the storage quantities in the linear symmetric Bayesian-Nash equilibrium can be approximated by d
, and the Lagrangian multiplier
The downside of this analysis is that we can not guarantee that E
Essentially, the storages reduce the baseline quantity A [t] by their time-average so that the aggregate buy/sell quantities sum up to zero in the statistical sense. This approximation of the storages' actions ignores the intertemporal correlation of uncertainties. Future research is needed for an exact analysis of the full-fledged model.
Heterogeneous Storages
We model storages with heterogeneous physical attributes and information status by assuming that the costs of utilizing storage
i · d 2 , and storage i receives a private forecast x
[t]
i with precision ρ i . To illustrate the major points, we extend the two-period model.
Proposition 7. For a two-period model under both private and public market forecasting, the heterogeneous storage quantities in the linear Bayesian-Nash equilibrium take the form of d
i , wherein A i , B i , and C i are given in the Appendix.
As in the basic model with homogeneous storages, each storage holds their own forecast but with varying precision:
The interesting new feature in this extension is that each storage (i) needs to guess another storage's (j) quantity decision via its own information set:
To obtain a correct conjecture, storage i needs to estimate storage j's private forecast:
Following a similar procedure as in the basic homogeneous model, we can obtain the coefficients summarized in the Appendix. The dependency of the value of both public and private forecasts on their precisions σ and ρ i is highly nonlinear. Due to the complicated payoff functional forms of this general model, we start with the homogeneous model for a clear presentation of results. It can be checked that some of our findings and intuitions remain robust under this generalization.
For example, the base storage quantity A is positive (selling energy) if and only if β [1] > β [2] , i.e., the energy price decreases at t = 2. The value of a private forecast (
ρ i , and thus decreasing in the intertemporal correlation δ, as the reactions to forecasts are less aggressive when δ increases.
Conclusion
In this paper, we propose stylized models of decentralized energy storage planning under private and public market forecasting, when energy prices are both uncertain and variable over time. We derive the optimal buying or selling quantities for storages in a competitive environment with strategic interactions. Coarsely speaking, a foresighted storage will plan to buy energy when its price is low and sell when the price high. The value of a private forecast decreases in the intertemporal correlation of market price shock. We demonstrate the potentially negative economic value of a private forecast, due to competition effect: When there are a large number of storages, the purchase or selling quantity responses are exaggerated and the over-precision in forecasts can lead to even lower payoffs. These fundamental observations are robust when we generalize the model to multiperiod or heterogeneous storages.
We also examine several information management policies to coordinate storages' actions and improve their profitability. Firstly, we demonstrate the potential negative economic value of a public forecast, due to congestion effect: A precise public forecast leads to herding behavior, and over-reaction to a public forecast leads to either too much purchase quantity (when forecast is favorable) or too much selling quantity (unfavorable forecast) from all storages. Secondly, we find that communication among the storages could fail to achieve a coordinated effort to increase market efficiency. The decentralized storages will not participate in any information sharing program when there are a large number of storages. Thirdly, we find it optimal to release additional information to a subset of energy storages exclusively by targeted information release.
Future research is needed for a full-fledged analysis of a multi-period, decentralized, and heterogeneous model. Another direction to go is to incorporate operational constraints such as energy and/or power limits. Explicit modeling of renewable energy generation will contribute to a holistic understanding of the entire integrated system. Finally, information management research in other energy markets is likely to be promising.
Proof of Proposition 1. Introduce a Lagrangian multiplier λ [t] to relax the conservation constraint. We denote the Lagrangian by
By the first-order condition
Notice that
Therefore,
Proof of Proposition 2. The payoff can be simplified by plugging d
i . To derive the equilibrium storage quantities, we set
By matching the coefficients with respect to x
i , we have
Proof of Proposition 3. The payoff can be calculated through
Notice that storage i'
A 2 when there is no information available.
The additional payoff proportional to C 2 E[x
i ] 2 corresponds to the economic value of the private forecast.
Proof of Proposition 4. To derive the equilibrium storage quantities, we set
Notice that E[d
0 , and
The corresponding payoff can be calculated as follows: 
whereas for ∀i ∈ I − J,
Matching coefficients with respect to x
[1] 0 , we can obtain A, B and C following a similar procedure as before. We measure the economic efficiency by aggregate payoff:
It can be checked that the storages' aggregate payoff i∈I E[π i ] is maximized when
Proof of Proposition 6. The payoff from storage i under a Lagrangian relaxation can be expressed as
By E t∈T d
[t] i * = 0, we use λ as a static approximate solution instead of λ [t] .
Proof of Proposition 7. Again, the first-order condition for payoff-maximization requires
The unknown coefficients in the equilibrium buying or selling quantities are summarized as follows. 
B i = − .
